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Management Equation (a.k.a. the Pythagorean Theorem).

The square of the length of the long side of a right triangle is 
equal to the sum of the squares of the lengths of the other two 

sides. (c2 = a2 + b2)

Once again, this is no arbitrary accounting rule; it is a 
property of the physical universe. The New Management 
Equation is so well known in professional financial and 
investment analysis circles that a bi-monthly newspaper, 
Financial Engineering News was founded in 1997 to 
disseminate case studies.

In Figure 6  we use the New Management Equation to 
calculate the lengths of data vectors D1 and D2. 

Now we can figure out the lengths of the variation vectors in 
Figure 5. Only the alphabetic notation differs from the New 
Management Equation. Using the letters in Figure 5, the 
New Management Equation for Variable 1 is:

(D
1
)2 = A2 + (V

1
)2

We can see in Figure 6 that (D
1
)2 = 25. Also, the squared 

length of the data average vector A is:

Figure 6 The length of a vector is the 
square root of the sum of the squares 

of its coordinates.



64 Standards of Evidence

© M. Daniel Sloan and Russell A. Boyles, All Rights Reserved, 2003

Standards of Evidence 65 

© M. Daniel Sloan and Russell A. Boyles, All Rights Reserved, 2003

A2 = 3.52 + 3.52 = 24.5

We can now plug these two numbers, 25 and 24.5, into the 
New Management Equation for data vector D1:

25 = 24.5 + (V
1
)2

25 - 24.5 = 0.5 = (V
1
)2

V
1
 = square root of 0.5 = 0.71.

This final number, 0.71, the length of the variation vector for 
Variable 1, is called the sample standard deviation for Variable 
1. 

A sample standard deviation is symbolized in technical 
writing by the letter s. The Greek letter sigma (σ) refers to the 
standard deviation of a population. This is where Six Sigma 
gets its name. 

In Six Sigma practice, the sample standard deviation, s, is 
often casually referred to as “sigma” or σ. This substitution is 
a grievous breach of statistical theory, but everyone who uses 
statistics does it.

The New Management Equation for Variable 2 works the 
same way:

(D
2
)2 = A2 + (V

2
)2

We know from Figure 6 that

D
2
 = 5.39. 

Please do keep your eyes on the right triangles in the 
illustrations. We already know that A is the square root of 
24.5, which equals 4.95. We can now plug these into the 
New Management Equation:

5.392 = 4.952 + (V
2
)2

29.05 = 24.5 + (V
2
)2

4.55 = (V
2
)2

V
2
 = square root of 4.55 = 2.13.
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The sample standard deviation for Variable 2 is 3 times larger 
than that for Variable 1! Variable 2 is 3 times more variable 
than Variable 1. 

Six Sigma values smaller variation because outcomes are more 
predictable. Predictions are more accurate. There is less waste 
and rework. Everything just works better when the profit 
signals are large/strong and the noise is small/weak. 

Degrees of Freedom

Don’t panic. Think of what follows as a mandatory Federal 
Communications Commission announcement on your 
National Public Radio station. It has to be here to ensure we 
are not breaking any Laws of the Universe. You can skip this 
section if you want, or you can stay tuned. In either case, 
software takes care of all this stuff. This is just background 
information.

Sometimes an analyst might want or need to know the 
actual coordinates of a variation vector. (Whenever our 
airplane takes off or lands, we certainly hope our pilot and 
co-pilot have this information at their fingertips.) We get the 
coordinates of the variation vector by subtracting the data 
average vector from the data vector. 

The clearest way to explain the subtraction of vectors is to 
give the vectors a vertical orientation, the way they appear 
in a data matrix. The coordinates of the variation vector for 
Variable 1 are given by:

For Variable 2, they are given by
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So far, so good. Now, here is an important Law of the 
Universe:

The coordinates of a variation vector always add up to 
zero.

Because of this, the second coordinate in a two-dimensional 
variation vector is always equal to the negative of the first 
coordinate. This means that a two-dimensional variation 
vector is completely determined by its first coordinate. We 
express this by saying that a two-dimensional variation vector 
has one degree of freedom. 

Suppose now we have a three-dimension data vector, for 
example (3, 4, 5) or (5, 2, 5). The vector of averages for both 
of these is (4, 4, 4). Once again using the vertical data-matrix 
orientation, the first variation vector is:

 
and the second is:

In a three-dimensional variation vector, the third coordinate 
is always equal to minus the sum of the first two coordinates. 
This means that a three-dimensional variation is completely 
determined by its first two coordinates. We express this by 
saying that a three-dimensional variation vector has two 
degrees of freedom. 

Now let n stand for the number of objects in your data set. 
This is the same as the number of rows in your data matrix. It 
is your sample size. All the vectors are now n-dimensional. 

Yes. We are back into genuine hyperspace again. The more 
often you go there, the less scary it becomes. Visits become 
more profitable. They become fun.
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The last coordinate of an n-dimensional variation vector is 
always equal to minus the sum of the first n – 1 coordinates. 
This means that an n-dimensional variation vector is 
completely determined by its first n-1 coordinates. We express 
this by saying that an n-dimensional variation vector has n -1 
degrees of freedom. 

The upshot of all this is this: the standard deviation is exactly 
equal to the length of the variation vector only when n = 
2.  When n is greater than 2, as it usually is, we have to 
divide the length of the variation vector by the square root 
of its degrees of freedom. Don’t blame us—it’s a Law of the 
Universe. We will come back to this later in the chapter, and 
also in Chapters 5 and 6.

We now return to our regularly scheduled program of writing 
with an improved degree of simplicity.

Bar Chart Bamboozles 

Bar charts and pie charts symbolize old-school management 
thinking as no other icon can. They are the “Gee Whiz” 
graphs in Huff ’s Lying with Statistics. They present data in 
superficial ways. They are easy to use. Consequently, they 
frequently are used to misrepresent data. 

The typical bar chart presents totals or averages with no 
consideration of variability. There are no deviations from the 
average. There is no Chance variation. In other words, there is 
no Noise. 

This violates a Law of the Universe. There is always Noise, 
which is statistical variation. Variation is a physical property 
of objects and measurements. A vector analysis forces us to 
consider both average and standard deviation.

At best, we might say bar charts have a 50/50 chance of giving 
correct information because they consider only one of two 
aspects. At worst, they encourage managers to use Frederick 
Taylor’s thinking, “This bar is bigger than that bar is and I 
know the reason why because I am a scientific manager and I 
say so.”
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As an example, consider the monthly revenue data in Table 
4. This is a snapshot of data entered into a spreadsheet.

 The annual totals are plotted as a bar chart in Figure 7. 
The upward trend looks very encouraging. The Marketing 
Manager would certainly want to take credit for this. 

All Figure 7 really does is graphically frame the differences 
between the annual totals. Because Laws of the Universe are 
ignored, there is no way to tell whether the “trend” is a profit 
signal or noise. This is a bit like trying to ignore gravity. 

Table 4 Monthly revenue for four 
years.

Figure 7 Excel’s popular bar chart/
trend line combination is like Romantic 

poetry. This poetic license gives 
everyone the freedom to take credit 
for good results, whether or not they 

are true.
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Corporate cultures that use cost-accounting variance analysis 
as the standard decision-making tool often use bar charts and 
trend lines to present “results” like Figure 7 based on data 
like that in Table 4. The credibility of the results portrayed 
by the chart, and the explanation for them, comes from the 
status of the person telling the story rather than the evidence 
in the data. 

There is no cross-examination of the reported results because 
it is considered poor form, not to mention career limiting, to 
question the President, Managing Director, Chief Financial 
Officer, or a company founder who created spreadsheet 
software. 

In corporate cultures that base decisions on objective 
standards of evidence, the analysis method itself is held to 
high standards. Quite simply, it must follow the Laws of the 
Universe. It must follow the rules of vector analysis. 

Evidence is admissible if and only if the analysis method 
takes all aspects of the data into account. The analysis must 
have transparency. All elements must be available for review, 
including the raw data. Anyone can ask any question because 
all the data are in view. The vector analyses illustrated below 
represent the international standard.

There are several things wrong with the “analysis” in Figure 
7. For one thing, it uses only the annual totals instead of the 
original monthly data. For purposes of illustration, we will 
present two vector analyses that use only the four annual 
totals. The first of these is given in Table 5. 

Table 5 lays out the basic vector calculations for the sample 
standard deviation, s. In this case s = 0.14. This is a vector 
analysis in four-dimensional hyperspace, because there are 
four data points. 

The data average vector has one degree of freedom because 
one number, the average of the four data points, determines 
it. This leaves three degrees of freedom for the variation 
vector. The lengths of the vectors are related by the New 
Management Equation. [C2 does equal A2 plus B2, 140.36 = 
140.30 + 0.06.]
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We used Microsoft Excel to create the visual presentation in 
Table 5. The squared lengths of the vectors were calculated 
by using the cell function SUMSQ. This function name is 
short for “sum of squares”. This is appropriate because the 
squared length of a vector is the sum of the squares of the 
coordinates. The syntax for the Excel calculation is:

                 = SUMSQ(cell range)

Figure 8 shows the Normal distribution curve corresponding 
to a mean of $5.92 million and a sample standard deviation 
of $0.14 million. The dots just above the horizontal axis 
represent the four annual totals. Each vertical dotted line 
represents one standard deviation. 

All four data points lie within two standard deviations of the 
mean. We must conclude that the deviations from the mean 

Table 5 Basic vector analysis of the 
four annual totals (millions of dollars).
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Figure 8 The four annual totals 
from Table 4 and the corresponding 

Normal distribution curve.
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value are a result of natural, or Chance, variation. There is 
certainly no evidence of significant differences among these 
totals.

Our second vector analysis addresses directly the validity of 
the bar graph trend line in Figure 7. The null hypothesis for 
this analysis is the following statement: 

There is no significant trend in the annual totals.

This is not a foregone conclusion. It is a special kind of 
hypothesis. It is used in applied research all over the world. 
The idea is to see whether or not the evidence in the data is 
strong enough to discredit the null hypothesis. Then, and 
only then, can we say there is a significant trend in the annual 
totals. The visual presentation of the analysis is shown in 
Table 6.

The variation vector is broken up into the sum of profit 
signal and noise vectors. These three vectors are related by the 
New Management Equation (a.k.a. Pythagorean Theorem). 
The squared lengths of the vectors are also called “sums of 
squares.” 

The profit signal vector is equal to the best-fit line in Figure 
7 minus the data average, 5.923 in this case. The coordinates 
of the profit signal always add up to zero, so it is completely 
determined by the slope of the best-fit line. As a result, the 
profit signal vector has one degree of freedom. That leaves two 
degrees of freedom for the noise vector. 

To get the profit signal and noise variances, we divide the 
sums of squares by the degrees of freedom. This is a Law of 
Universe. Without this adjustment, the variances would be 
biased. 

When we divide the profit signal variance by the noise 
variance we get a signal-to-noise ratio that measures the 
strength of evidence against the null hypothesis. It is called 
the F ratio, or F statistic, because Ronald Fisher invented it. 
Larger values of F imply stronger evidence against the null 
hypothesis. In this case F = 2.843.
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This number doesn’t seem very large. But there is no standard 
scale of comparison for the F ratio. Instead, we interpret 
it relative to a statistical distribution representing chance 
variation. This distribution depends on the degrees of 
freedom for the profit signal and noise vectors. The p-value 
of 0.234 in Table 6 is the probability of getting an F ratio as 
large as 2.843 by chance alone. 

If the p-value is small enough, we reject the null hypothesis. 
By established international standards, the evidence against 
the null hypothesis is ‘clear and convincing’ if the p-value is 
less than 0.05. If the p-value is greater than 0.05 but less than 
0.15, there is a ‘preponderance of evidence’ against the null 
hypothesis. The p-value in Table 6 does not meet even this 
lowest standard of evidence. There is no significant trend.

Table 7 shows the monthly revenue numbers in data matrix 
format. This data set is too large to use as a tutorial. We 
present some smaller examples in Chapter 5.

Table 6 Ilustration of the vector 
analysis for a linear trend in the 
four annual totals. The squared 
lengths of the vectors are also 

called “sum of squares.” This is  a 
reference to the New Management 
Equation, which involves a sum of 

squared numbers.
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Table 7 The monthly revenue 
numbers in data matrix format 

(thousands of dollars).
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Meanwhile, a great deal can be learned simply by plotting 
the data in time sequence. This is done in Figure 9.

It doesn’t take a Statistician to see that there is no trend here, 
just random variation. The only features of note are the three 
low points at the beginning of the series. In turns out these 
were the last three months before a change in the accounting 
procedures. They should have been omitted from the analysis.

The Game is Afoot

Another  example of a full vector analysis is the shoe-sole 
wear rate workshop in the classic 1978 text Statistics for 
Experimenters: An Introduction to Design, Data Analysis and 
Model Building by George Box, William Hunter and J. 
Stuart Hunter. This example uses the small data set presented 
in their book, with an invented story line based on our 
consulting experiences.20 It achieves the following objectives:

1. You can quickly see the differences between a 
typical spreadsheet analysis and vector analysis applied 
to a data matrix.

2. The manufacturing design, cost and margin 
analogies are appropriate.

A design team is arguing over the wear rates of shoe-sole 
materials A and B. Material A, the current specification, is 
more costly than Material B. The manager wants to go with 
Material B because it is cheaper, and his spreadsheet analysis 
shows there will be no significant loss of durability. Engineers 
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Figure 9 The monthly revenue 
numbers plotted in time sequence.
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are concerned that Material B is not sufficiently durable. Data 
has been collected and arrayed in a spreadsheet. (See Figure 
10.)

Ten boys were enlisted for the test. Each boy wore one shoe 
made from Material A and one from Material B. Coin tosses 
were used to randomly assign Material A to the left or right 
foot for each boy. 

The average wear rate for Material B comes out 0.41 units 
higher than for Material A, an increase of 3.86%. Given 
the price difference between the two materials, the manager 
concludes that the difference in durability is irrelevant.

Furthermore, as shown by the bar chart in Figure 11, there 
were a number of cases where Material A actually wore out 
faster than Material B! The manager is elated. By using 

Figure 10 Wear rate data as arrayed 
in Excel.
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Figure 11 Wear rate data as analyzed 
by a spreadsheet bar graph.
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material B instead of A, the shoe manufacturer can increase 
profit margins and maintain product durability. This change 
will be worth millions to the bottom line. 

After a long and difficult team meeting, consensus is reached. 
The company will replace material A with the less costly, 
equally durable material B. 

As the meeting is wrapping up, a Six Sigma Black Belt in 
training asks if she can analyze the data herself using a vector 
analysis applied to a data matrix. It is getting late. People have 
places to go, things to do.  Nevertheless, to maintain good 
relationships, they give her five minutes.

She imports their Excel spreadsheet into her statistical 
package. For present purposes, we recreate her vector analysis 
data in Excel. This is shown in Table 8. (We timed both 
methods. The Excel reconstruction literally took 10 times 
longer than doing a correct vector analysis in the statistical 
package.)

The Black Belt trainee starts her extemporaneous presentation 
by stating the null hypothesis for the analysis: “There is 
no difference between the average wear rates of the two 
materials.” The trainee explains that this is a hypothesis, a 
straw man to be pulled apart by evidence, rather than a 
foregone conclusion. The idea is to see whether or not the 

Table 8 Vector analysis of the wear-
rate data. �
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evidence in the data is strong enough to discredit the null 
hypothesis. 

She goes on to explain that we should be looking at the 
differences between A and B for each boy—that was the 
whole point of having each boy wear one shoe of each kind. 
If the null hypothesis were true, the differences should be 
symmetrically distributed around zero. Also, the average 
difference should be close to zero. 

With three clicks of her mouse, the trainee produces a 
frequency histogram of the differences (see Figure 12). 
Pointing at the graph, she says, “As you can see, all but two 
of the differences are positive. This casts doubt on the null 
hypothesis—the wear rates for Material B are consistently 
higher than those for Material A.
“But let’s not jump to conclusions. We need to complete the 

vector analysis to establish the strength of this evidence. As 
you can see, the vector analysis (Table 8) breaks the vector 
of differences into the sum of the data average vector and the 
noise vector. For analyzing matched pairs like we have here, 
the data average and the profit signal vector are one and the 
same.

Figure 12 Frequency histogram of 
differences in wear rate (B minus A).
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“As you can see, the lengths of the vector of differences, 
the profit signal vector and noise vector are related by 
The New Management Equation. The vectors are 10-
dimensional because there are 10 differences. We are way 
into hyperspace. The profit signal vector is determined by 
one number, the average difference of 0.41, so it has one 
degree of freedom. That leaves nine degrees of freedom for 
the noise vector.”

Her presentation was interrupted by one of her friends. 
“Let’s take a pause for just a moment here to do a little 
yoga stretching while our minds are bending.” After some 
uncomfortable laughter, the Black Belt’s Six Sigma analysis 
continued.

“OK. We are back on task. We have to adjust the New 
Management Equation (a.k.a. sums of squares a.k.a. 
squared lengths of vectors) by dividing by the degrees of 
freedom.

“This gives us Variances that measure the strength of the 
profit signal and noise vectors. When we divide the profit 
signal variance by the noise variance we get a signal-to-
noise ratio that measures the strength of evidence against 
the null hypothesis. It is called the F ratio because a guy 
named Fisher a long time ago invented it. As you can see, 
the F ratio in this case is 11.215.

“The F ratio can’t be interpreted on its own. We have to 
compare it to a distribution to see how likely it is that a 
value as large as 11.215 could have occurred by chance 
alone. This probability is called the p-value. If the p-value 
is small enough, we have to reject the null hypothesis.

“By established international standards, the evidence 
against the null hypothesis is ‘clear and convincing’ if the 
p-value is less than 0.05, and it is ‘beyond a reasonable 
doubt’ if the p-value is less that 0.01 (Table 9). As 
you can see,” she said, pointing at her computer screen, 
“the p-value in this case is 0.0085. This means there 
is a significant difference between A and B, beyond a 
reasonable doubt.” 
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One engineer says, “That makes a lot of sense. Even though 
the difference was less than 4%, we felt that a difference of 
0.41 units could cause problems. We were afraid yield losses 
would exceed the savings on material costs.”

A potential disaster is narrowly averted by using an evidence-
based decision in the nick of time. Critical-to-quality 
characteristics and financial margins are protected. The 
company’s reputation for quality is preserved. Just another day 
in the life of a Six Sigma company. 

The next Black Belt, Green Belt, Yellow Belt and Champion 
courses are filled to capacity. The waiting lists for the 
following sessions are long. The company takes the next step 
forward by implementing Six Sigma across all projects and 
functional responsibilities in the corporate matrix.  Their first-
wave Black Belts are now in Master Black Belt training using 
their own case studies.

Spreadsheet versus Data Matrix

Spreadsheet arithmetic is today’s cost-accounting variance 
analysis computing engine. While teaching the real Analysis 
of Variance we often hear the comment, “So what’s the big 
deal with a data matrix? You can do all that in a spreadsheet.” 
This is true. We know because we have done it. Some of that 
work has been presented in this chapter. There is more to 
come in Chapters 5 and 6.

It is also true that you could eventually compute the orbital 
trajectories of all the planets in our solar system with an 
abacus.21 Unless you and your loved ones have nothing better 
to do with the rest of your lives, our question is this, “Why 
would anyone want to?”

Table 9 The Black Belt showed the 
table of evidence to the team.
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The spreadsheet is a marvelous invention. It automates 
arithmetic. You can write formulas. Like Keats, you can put 
your data wherever you want it and analyze it however you 
want. If you add in enough add-ins, you can actually do some 
statistics, even Analysis of Variance. 

Adding in the add-ins is a clumsy way of trying to reinvent 
the machinery of a vector analysis that already exists in 
modern statistical software. These programs give you access to 
this machinery with a mouse click. 

The greater liability in trying to do everything with a 
spreadsheet stems from the very freedom that makes 
spreadsheets so popular. Spreadsheet applications are unruly 
and Lawless. The Laws of the Universe do not apply to them. 
Statistical packages, on the other hand, follow the Law. They 
require the correct data matrix structure—each row an object 
of interest, each column a vector of data on the objects. 

Data vectors are the principle components of vector analysis. 
(Hence the name.) Vector analysis provides the transparency 
required to satisfy international accounting standards and 
scientific standards of evidence. For example, statistical 
packages automatically create the variation, profit signal and 
noise vectors shown in Tables 5, 6 and 8. 

One can create this table in a spreadsheet, although it 
is tedious. We did in fact make Tables 5, 6 and 8 in a 
spreadsheet, but nothing forces other users to do so. The 
undemanding nature of spreadsheets lures unsuspecting users 
into sins of omission. There is no requirement for vector 
analysis, no requirement for transparency.

Other spreadsheet characteristics are simply inconvenient 
or annoying. For example, many spreadsheet functions 
treat blank cells as zeroes. This works fine for adding and 
subtracting. In reality, a blank cell indicates a missing value in 
a data vector. A missing value changes the degrees of freedom 
and dimension of the vector. The vector analysis can handle 
this, although it does affect the results. By contrast, the 
cavalier insertion of zeroes for missing values wreaks havoc on 
vector analysis, giving incorrect results.

These and related comments are summarized in Table 10.
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P-values, Profit Signals, Confidence Levels 
and Standards of Evidence

A null hypothesis always consists of a negative assertion. The 
phrasing of a null hypothesis is not a law of the universe, but 
it is an odd standard. Here are some examples:

• There is no difference between these two ways of 
doing things.

• There are no differences among these three or more 
ways of doing things.

• There is no relationship between these two variables.
• There are no relationships among these three or more 

variables.
• There are no relationships between these two groups 

of variables.

The null hypothesis often plays the role of a “straw man” 
in inductive reasoning. According to the on-line folklore 
database Wikipedia, the straw man concept began as a rodeo 
safety tactic.22 A straw man would distract bulls. It could be 
torn apart with no harm done. We can tear apart the straw 
man, the null hypothesis, if it is something we would like to 
disprove based on the data.

Table 10 Comparing and contrasting 
a spreadsheet and a data matrix. 

Inductive and deductive reasoning 
are built into data matrix software. 

No such discipline exists in a 
spreadsheet.
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The F ratio, or F statistic, is a signal-to-noise ratio that 
measures the strength of evidence in the data against the null 
hypothesis. As the F ratio increases, the strength of evidence 
against the null hypothesis increases. We evaluate an F ratio 
by comparing it to a statistical distribution to see how likely 
it is that a value that large could have occurred by chance 
alone. 

The distribution to which the F ratio is compared depends 
on the degrees of freedom for the profit-signal and noise 
vectors. As a result, there is no standard scale of comparison 
for the F ratio.
 
We get around this by working with a probability computed 
from the F value. This probability, called the p-value, is the 
probability of getting an F ratio as large as the value we got 
by chance alone. If the p-value is small enough, we reject the 
null hypothesis.

In Microsoft Excel, the cell formula syntax for calculating the 
p-value is this:

= FDIST(value of F ratio, degrees of freedom for the profit 
signal vector, degrees of freedom for the noise vector)

For example, the formula to produce the p-value 0.0085 in 
Table 8 is as follows:

= FDIST(11.215, 1, 9)

11.215 is the value of the F ratio, 1 is the number of degrees 
of freedom for the profit signal vector, and 9 is the number 
of degrees of freedom for the noise vector. Enter this formula 
into your Excel spreadsheet and you will get the correct 
answer: 0.0085.

The formula to produce the p-value 0.234 in Table 6 is as 
follows:

= FDIST(2.843, 1, 2)

2.843 is the value of the F ratio, 1 is the number of degrees 
of freedom for the profit signal vector, and 2 is the number 
of degrees of freedom for the noise vector. Enter this formula 
into your Excel spreadsheet and you will get the correct 
answer: 0.234.
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We do not like writing spreadsheet formulas. We do like the 
fact that statistical software does it for us automatically.

As the F ratio increases, the p-value decreases. As the p-value 
decreases, the strength of evidence against the null hypothesis 
increases. This tends to confuse people. It is easier to think in 
terms of confidence levels (Table 11). The confidence level 
is one minus the p-value, usually expressed as a percentage. As 
the confidence level increases, the strength of evidence against 
the null hypothesis increases. 

Closing Arguments

Themis is the Blind Lady of Justice in Greek mythology.

Themis: “As an oracle, I used to advise Zeus when he made 
decisions. I did my job so well I became the goddess of divine 
justice. You can see from some of my portraits that I used to 
carry a sword in one hand and a set of scales in the other. The 
blindfold I wore was more than a fashion statement. It meant 
I would be fair and equitable in my judgments. My whole 
existence hinges on objective standards of evidence.”23

Table 11 Standards of evidence in 
a nutshell. A p-value less than 0.05 

yields a confidence level greater than 
95%. A p-value less than 0.01 yields 
a confidence level greater than 99%.
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